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Nomenclature
= pointed cone length
= pitching moment coefficient
= static stability derivative,
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= dynamic stability derivatives,
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= pressure coefficient, 2/yM2. (p/p^ - 1)

= moment arm
= Mach number
= local flow pressure
= angular velocity of body about pitch axis, x=x0

(positive in nose up direction)
= Reynolds number based on the cone length
= local cross-sectional radius of the body
= base surface area
= velocity
= local axial position measured from the apex of

the pointed cone
= coordinate of pitch axis of the body
= vertical acceleration of body pitch axis
= angle of incidence of the body in general motion
= Stone-Kopal pressure perturbation coefficients
= change in angle of inclination of tangent to

(projected) streamline (pathline) of particular
fluid element between (*,/?( *),</>) and the
reference point on body surface, measured in
osculating plane of streamline

= cone semi-angle
= (angular) cylindrical polar coordinate, fixed

relative to moving body
= ratio of principle specific heats of gas, Cp/Cv

= angle of attack condition
= effective
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x = local condition
(x,t) = local conditions with respect to time
1 = conditions at the pointed cone surface
oo = freestream conditions
ref = conditions at the reference point

N analytical method has been presented previously1'2 for
calculating the pitching stability derivatives -Cma and

- Cm0 [ = - (Cm + Cmde) ] of pointed and blunt slender cones
performing small amplitude oscillations about a zero mean
angle of attack in hypersonic flow. The essence of this method
is to perturb a previously known steady flow solution by
employing the modified shock-expansion theory due to
Eggers and Savin.3 The inviscid pressure distribution p(xtt)
on the oscillating body may be written as the sum of the
steady pressure distribution p(x) and a nonsteady per-
turbation p' (x,t). Thus,

p(x,t)=p(x)+p'(x,t) (1)

where p' (x,t) is determined from the Prandtl-Meyer flow
relationship along a streamline as

P'(x,t) =
p ( x ) V ( x )

(2)

where Aep (x), the change in the inclination of a streamline
due to the pitching motion involving z and q only, is given by

The pressure coefficient on the oscillating body is

(4)

where, generally, for a body oscillating about a mean angle of
attack a ,

P(x,t,ote) = p(x,t,ae) p(x,ae) p(0,ae)
/?«, P(x,ae) p(0,ae) pl

(5)

In Eq. (5), p(x,ae) is the pressure at a general point x on
the body at angle of attack ae in steady flow, p(Q,ae) is the
corresponding surface pressure at a suitably defined reference
point which for a pointed cone is immediately downstream of
the bow shock (x = 0), and/?, is the pressure on the unyawed
pointed cone at the reference point.

For pointed cones at small angle of attack ae, Stone,4
Kopal,5 and Taylor and Maccoll6 have shown that

i' -ri"cos2<t>) (6)

where 77, rj', and 17" are numerical pressure perturbation
coefficients which may be obtained from Refs. 4 and 5.

Using Eqs. (2) and (5), the pressure on the oscillating
pointed cone at a mean angle of attack ae may be expressed as

P(x,t,ae)

+ a2
e(T/'-T7 (7)
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where

The unsteady pressure coefficient is written as

2 cp(x,t,ae) _^ 2

p—~—

(8)

-) 2 r/p, _\
J yMl IA/7., /

(9)

The pitching moment coefficient is

where the moment arm /' =Jtsec200 — JCG,

cte=*a, q—0

I p c p2*

m-=Sc\o\o
c p2T 6C

—2 (xsec2eo-x0)xtan00sin<t>d(t>dx (12)o Jo dam» Sc2 Jo j o dq

Using the expression for Cp (x,t,ae) in Eq. (9)

dCp 2 Pi • ±—£=- -—r — 77Sin0
da yM^ p^

d£j,=_2_
dq

03)

OO ^ w CO

(14)

Terms in Eqs. (13) and (14), which will constitute zero con-
tribution when substituted back in Eqs. (11) and (12),
respectively, and integrated, have been omitted.

The resulting derivatives are

4 P,

1 I Xf) \ ^
XSQC6a--(— ) ~

(16)

Results and Discussions
A comparison of the present stability derivatives with the

corresponding expressions obtained in Refs. 2 and 7 shows
that the static stability remains unchanged after the in-
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Fig. 1 Dynamic stability derivatives of 10-deg semi-angle cones vs
angle of attack.

troduction of the second-order pressure perturbation coef-
ficients fi ' and 17 " .

The extent to which the dynamic stability derivative is
affected by the angle of attack is dependent on the axis of
oscillation position. Theoretical curves plotted in Fig. 1 for a
10 deg semi-angle pointed cone show that a steady increase in
dynamic stability is predicted with increasing forward
movement of the axis of oscillation position. Theory shows
that at an axis of oscillation position of jc0/c = 0.78, the
dynamic stability is virtually unaffected with the angle of
attack change. A cone oscillating at a station aft of this
position is dynamic destabilized by increasing angle of attack.

Available experimental data for the variation of the pitch
damping derivative —(Cm +Cmd) with mean angle of attack
for 10 deg semi-angle pbintea cones are compared with
the predictions of the theory for the range of axis of
oscillation given by0.55<JC0/c<0.8in Fig. 1. It is noted that
the results of the present theory are for inviscid flow, whereas
many of the experimental results are affected by viscous
effects. It is well established that nonsteady transition point
movement can lead to an increase in damping and a decrease
in stiffness for pointed slender cones at zero angle of attack at
hypersonic speeds. A measure of the likely influence of
viscous effects is provided by the viscous interaction
parameter \=M3 /\/Rec, and it is suggested that only the data
of Refs. 8-10 should be used to provide a comparison with the
present inviscid theoretical results. Of the three sets of results
presented by Schueler8 for an axis position Jt0/c = 0.55, only
the highest Reynolds number tests show significant increase of
damping with angle of attack. The magnitude of this increase
is in broad agreement with the predictions of the current
theory. Marshall's results,9 although for a much smaller
incidence range, also confirm this trend. For more rearward
axis positions, the theory predicts much smaller increases in
damping and for jc0/c<0.78, a decrease in damping with
increase in angle of attack is predicted. Recent experimental
results by Qasrawi10 show only a small increase in damping
over the range 0<x< 17 deg for x0/c = 0.70, thus supporting
the predicted theoretical trends. As recognized by previous
authors, see for example Ericsson,11 the experimentally
observed trends of the derivatives with angle of attack at
larger values of the viscous interaction parameter x wiU result
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from a combination of nonlinear inviscid phenomena
together with significant induced effects resulting from
oscillatory transition point movement.
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Lifting and Nonlif ting Kernel
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Lifting Kernel Function
The subsonic lifting kernel function for two-dimensional

linear cascade airfoils was evaluated previously by Fleeter1

and Kaji and Okazaki.2 Fleeter indicated the singular
behavior of the lifting kernel function and computed the
kernel function by inverting its Fourier transform
numerically. Kaji and Okazaki derived an analytical ex-
pression for the lifting kernel function using the doublet
singularity method. Their expression, as it stands, is inap-
propriate for zero Mach number flows. In this paper, a
different expression for the lifting kernel is derived by
analytically inverting Fleeter's Fourier integral. The resulting
expression is valid for all subsonic Mach numbers, including
zero.

Following Fleeter,1 the lifting kernel function K ( x ) for
harmonic motions with frequency cj in a uniform stream with
Mach number Mis the Fourier inversion of K*, i.e.,

K(x)= — [°° K*eiaxda
2ir J -oo

where

j^* — —K - 2-

(1)

(2)

and

In the preceding equation, a is the interblade phase angle and
/3 = Vl-M2 . Figure 1 defines the cascade geometric
parameters d and h. It is noted that the expression of K* is for
any arbitrary stagger angle, and Fleeter's expression1 is for
zero stagger angle only. Physically, K is the upwash velocity
corresponding to a spatial impulse pressure differential across
airfoil upper and lower surfaces.

To simplify the Fourier inversion,

is defined. Then from Eq. (1),

THERE exists a considerable amount of similarity between
the theoretical analyses of unsteady aerodynamics of

cascade airfoils and isolated airfoils. The lifting and
nonlifting kernel functions that relate the surface upwash
distribution to the surface pressure load are of fundamental
importance in linearized, unsteady, subsonic, potential-flow
aerodynamics. It is the purpose of this Note to derive these
kernel functions for two-dimensional flows in a unified
fashion via the Fourier transform technique and specifically
discuss the singular behavior of the nonlifting kernel function
in the limit of zero Mach number. Because of its physical
significance, the traveling wave-type of motion of the cascade
blades will be considered.
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-cos(ad-af)] (3)

where

and

a = a— -
M2 ud

(4)

The poles of the integrand in the complex d plane are all of
first-order and are located at

03 1

where d^are the zeros of [cos(nh) — cos(ad— a ' ) ] , and the
superscripts ± refer to the upper ( + ) and lower ( - ) a half-


